
Internet Appendix

A Monte Carlo Simulations

To demonstrate the finite sample performance of all machine learning procedures, we simulate a

(latent) 3–factor model for excess returns rt+1, for t = 1, 2, . . . , T :

ri,t+1 = g?(zi,t) + ei,t+1, ei,t+1 = βi,tvt+1 + εi,t+1, zi,t = (1, xt)
′ ⊗ ci,t, βi,t = (ci1,t, ci2,t, ci3,t),

where ct is an N × Pc matrix of characteristics, vt+1 is a 3 × 1 vector of factors, xt is a univariate

time series, and εt+1 is a N × 1 vector of idiosyncratic errors. We choose vt+1 ∼ N (0, 0.052 × I3),
and εi,t+1 ∼ t5(0, 0.052), in which their variances are calibrated so that the average time series R2 is

40% and the average annualized volatility is 30%.

We simulate the panel of characteristics for each 1 ≤ i ≤ N and each 1 ≤ j ≤ Pc from the

following model:

cij,t =
2

N + 1
CSrank(c̄ij,t)− 1, c̄ij,t = ρj c̄ij,t−1 + εij,t, (A.1)

where ρj ∼ U [0.9, 1], εij,t ∼ N (0, 1 − ρ2j ) and CSrank is Cross-Section rank function, so that the

characteristics feature some degree of persistence over time, yet is cross-sectionally normalized to be

within [−1, 1]. This matches our data cleaning procedure in the empirical study.

In addition, we simulate the time series xt from the following model:

xt = ρxt−1 + ut, (A.2)

where ut ∼ N (0, 1− ρ2), and ρ = 0.95 so that xt is highly persistent.

We consider two cases of g?(·) functions:

(a) g?(zi,t) =(ci1,t, ci2,t, ci3,t × xt)θ0, where θ0 = (0.02, 0.02, 0.02)′;

(b) g?(zi,t) =
(
c2i1,t, ci1,t × ci2,t, sgn(ci3,t × xt)

)
θ0, where θ0 = (0.04, 0.03, 0.012)′.

In both cases, g?(·) only depends on 3 covariates, so there are only 3 non-zero entries in θ, denoted

as θ0. Case (a) is simple and sparse linear model. Case (b) involves a nonlinear covariate c2i1,t, a

nonlinear and interaction term ci1,t × ci2,t, and a discrete variable sgn(ci3,t × xt). We calibrate the

values of θ0 such that the cross-sectional R2 is 50%, and the predictive R2 is 5%.

Throughout, we fix N = 200, T = 180, and Px = 2, while comparing the cases of Pc = 100 and

Pc = 50, corresponding to P = 200 and 100, respectively, to demonstrate the effect of increasing

dimensionality.

For each Monte Carlo sample, we divide the whole time series into 3 consecutive subsamples of

equal length for training, validation, and testing, respectively. Specifically, we estimate each of the
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Table A.1: Comparison of Predictive R2s for Machine Learning Algorithms in Simulations

Model (a) (b)

Parameter Pc = 50 Pc = 100 Pc = 50 Pc = 100

R2(%) IS OOS IS OOS IS OOS IS OOS

OLS 7.50 1.14 8.19 -1.35 3.44 -4.72 4.39 -7.75
OLS+H 7.48 1.25 8.16 -1.15 3.43 -4.60 4.36 -7.54
PCR 2.69 0.90 1.70 0.43 0.65 0.02 0.41 -0.01
PLS 6.24 3.48 6.19 2.82 1.02 -0.08 0.99 -0.17
Lasso 6.04 4.26 6.08 4.25 1.36 0.58 1.36 0.61
Lasso+H 6.00 4.26 6.03 4.25 1.32 0.59 1.31 0.61
Ridge 6.46 3.89 6.67 3.39 1.66 0.34 1.76 0.23
Ridge+H 6.42 3.91 6.61 3.42 1.63 0.35 1.73 0.25
ENet 6.04 4.26 6.08 4.25 1.35 0.58 1.35 0.61
ENet+H 6.00 4.26 6.03 4.25 1.32 0.59 1.31 0.61
GLM 5.91 4.11 5.94 4.08 3.38 1.22 3.31 1.17
GLM+H 5.85 4.12 5.88 4.09 3.32 1.24 3.24 1.20
RF 8.34 3.35 8.23 3.30 8.05 3.07 8.22 3.02
GBRT 7.08 3.35 7.02 3.33 6.51 2.76 6.42 2.84
GBRT+H 7.16 3.45 7.11 3.37 6.47 3.12 6.37 3.22
NN1 6.53 4.37 6.72 4.28 5.61 2.78 5.80 2.59
NN2 6.55 4.42 6.72 4.26 6.22 3.13 6.33 2.91
NN3 6.47 4.34 6.67 4.27 6.03 2.96 6.09 2.68
NN4 6.47 4.31 6.66 4.24 5.94 2.81 6.04 2.51
NN5 6.41 4.27 6.55 4.14 5.81 2.72 5.70 2.20
Oracle 6.22 5.52 6.22 5.52 5.86 5.40 5.86 5.40

Note: In this table, we report the average in-sample (IS) and out-of-sample (OOS) R2 for models (a) and (b) using Ridge,
Lasso, Elastic Net (ENet), generalized linear model with group lasso (GLM), random forest (RF), gradient boosted
regression trees (GBRT), and five architectures of neural networks (NN1,...,NN5), respectively. “+H” indicates the use
of Huber loss instead of the l2 loss. “Oracle” stands for using the true covariates in a pooled-OLS regression. We fix
N = 200, T = 180, and Px = 2, comparing Pc = 100 with Pc = 50. The number of Monte Carlo repetitions is 100.

two models in the training sample, using PLS, PCR, Ridge, Lasso, Elastic Net (ENet), generalized

linear model with group lasso (GLM), random forest (RF), gradient boosted regression trees (GBRT),

and the same five architectures of neural networks (NN1,...,NN5) we adopt for the empirical work,

respectively, then choose tuning parameters for each method in the validation sample, and calculate

the prediction errors in the testing sample. For benchmark, we also compare the pooled OLS with

all covariates and that using the oracle model.

We report the average R2s both in-sample (IS) and out-of-sample (OOS) for each model and

each method over 100 Monte Carlo repetitions in Table A.1. Both IS and OOS R2 are relative

to the estimator based on the IS average. For model (a), Lasso, ENet and NNs deliver the best

and almost identical out-of-sample R2. This is not surprising given that the true model is sparse

and linear in the input covariates. The advanced tree methods such as RF and GBRT tend to

overfit, so their performance is slightly worse. By contrast, for model (b), these methods clearly

dominate Lasso and ENet, because the latter cannot capture the nonlinearity in the model. GLM

is slightly better, but is dominated by NNs, RF, and GBRT. OLS is the worst in all settings, not

surprisingly. PLS outperforms PCR in the linear model (a), but is dominated in the nonlinear case.

When Pc increases, the IS R2 tends to increase whereas the out-of-sample R2 decreases. Hence,

2



Table A.2: Comparison of Predictive R2s for Alternative Prediction Horizons in Simulations

Model (a) (b)

Horizon Quarter Halfyear Annual Quarter Halfyear Annual

R2(%) IS OOS IS OOS IS OOS IS OOS IS OOS IS OOS

OLS 18.84 -0.90 27.67 0.19 35.40 -0.15 10.03 -16.47 15.02 -23.48 20.19 -30.73
OLS+H 18.82 -0.76 27.66 0.31 35.38 -0.09 10.00 -16.27 14.99 -23.32 20.15 -30.66
PCR 3.86 0.91 5.50 1.32 7.58 1.39 0.90 -0.04 1.30 -0.04 1.71 -0.24
PLS 15.12 6.56 21.52 8.40 26.46 8.14 1.91 -0.42 1.73 -0.33 2.78 -0.80
Lasso 14.10 10.33 20.42 14.68 25.06 16.76 3.10 1.17 4.03 1.12 4.87 0.40
Lasso+H 14.01 10.32 20.30 14.67 24.85 16.74 3.03 1.19 3.91 1.15 4.66 0.48
Ridge 15.76 7.81 23.26 10.67 29.27 11.65 4.07 0.43 5.66 0.44 6.72 0.00
Ridge+H 15.68 7.84 23.15 10.69 29.13 11.65 4.00 0.45 5.56 0.46 6.56 0.04
ENet 14.08 10.33 20.49 14.69 25.06 16.69 3.10 1.15 4.07 1.14 4.80 0.41
ENet+H 13.99 10.32 20.37 14.68 24.85 16.67 3.02 1.17 3.95 1.18 4.60 0.48
GLM 13.90 9.40 21.02 13.53 27.15 15.36 7.61 2.46 10.79 2.88 13.07 1.63
GLM+H 13.79 9.42 20.88 13.56 26.99 15.40 7.48 2.51 10.59 2.93 12.77 1.71
RF 17.56 8.11 25.24 11.86 31.04 14.32 15.52 5.91 20.53 7.11 22.48 6.05
GBRT 15.98 8.94 22.68 13.27 28.68 15.06 12.39 5.87 15.85 6.90 18.08 5.99
GBRT+H 15.70 8.78 22.84 13.45 29.07 15.29 12.12 5.87 16.00 7.13 18.20 6.17
NN1 15.68 9.99 23.04 14.07 29.62 15.58 13.25 5.36 17.95 6.29 20.68 5.32
NN2 15.56 9.96 22.72 14.00 28.90 16.01 13.29 5.76 17.95 6.78 20.10 5.43
NN3 15.45 9.98 22.66 13.94 28.59 16.10 13.11 5.57 17.50 6.63 20.31 5.27
NN4 15.49 9.91 22.32 14.06 28.59 15.97 13.20 5.56 17.90 6.52 19.67 5.20
NN5 15.19 9.82 22.14 13.85 28.22 15.92 13.00 5.24 17.15 6.19 18.86 5.08
Oracle 14.37 12.72 20.73 18.15 25.42 21.56 10.91 10.28 13.61 12.75 13.04 11.52

Note: In this table, we report the average in-sample (IS) and out-of-sample (OOS) R2s for models (a) and (b) using
Ridge, Lasso, Elastic Net (ENet), generalized linear model with group lasso (GLM), random forest (RF), gradient
boosted regression trees (GBRT), and five architectures of neural networks (NN1,...,NN5), respectively. “+H” indicates
the use of Huber loss instead of the l2 loss. “Oracle” stands for using the true covariates in a pooled-OLS regression.
We fix N = 200, T = 180, Px = 2 and Pc = 100, comparing the performance of different horizons. The number of
Monte Carlo repetitions is 100.

the performance of all methods deteriorates as overfitting exacerbates. Using Huber loss improves

the out-of-sample performance for almost all methods. RF, GBRT plus Huber loss remain the

best choices for the nonlinear model. The comparison among NNs demonstrates a stark trade-off

between model flexibility and implementation difficulty. Deeper models potentially allow for more

parsimonious representation of the data, but their objective functions are more involved to optimize.

For instance, the APG algorithm used in Elastic Net is not feasible for NNs, because its loss (as

a function of weight parameters) is non-convex. As shown in the table, shallower NNs tend to

outperform.

Table A.2 presents the same IS and OOS R2s for prediction conducted for different horizons,

e.g., quarterly, half-yearly, and annually. We observe the usual increasing/hump-shape patterns of

R2s against prediction horizons documented in the literature, which is driven by the persistence of

covariates. The relative performance across different models maintains the same.

Next, we report the average variable selection frequencies of 6 particular covariates and the

average of the remaining P − 6 covariates for models (a) and (b) in Table A.3, using Lasso, Elastic

Net, and Group Lasso and their robust versions. We focus on these methods because they all impose
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Table A.3: Comparison of Average Variable Selection Frequencies in Simulations

Model (a)

Parameter Method ci1,t ci2,t ci3,t ci1,t × xt ci2,t × xt ci3,t × xt Noise

Pc = 50 Lasso 0.95 0.94 0.65 0.53 0.51 0.85 0.09
Lasso+H 0.95 0.94 0.63 0.53 0.50 0.86 0.08
ENet 0.95 0.94 0.65 0.54 0.51 0.86 0.09
ENet+H 0.95 0.94 0.64 0.53 0.50 0.86 0.09
GLM 0.95 0.95 0.72 0.61 0.63 0.90 0.13
GLM+H 0.95 0.94 0.70 0.61 0.62 0.90 0.12

Pc = 100 Lasso 0.95 0.94 0.65 0.52 0.49 0.85 0.06
Lasso+H 0.95 0.94 0.63 0.53 0.49 0.86 0.06
ENet 0.95 0.94 0.65 0.53 0.49 0.86 0.06
ENet+H 0.95 0.94 0.64 0.53 0.49 0.86 0.06
GLM 0.95 0.94 0.72 0.58 0.61 0.90 0.09
GLM+H 0.95 0.94 0.69 0.55 0.60 0.90 0.09

Model (b)

Parameter Method ci1,t ci2,t ci3,t ci1,t × xt ci2,t × xt ci3,t × xt Noise

Pc = 50 Lasso 0.26 0.26 0.39 0.27 0.31 0.75 0.04
Lasso+H 0.25 0.25 0.38 0.28 0.31 0.75 0.04
ENet 0.26 0.25 0.39 0.27 0.31 0.76 0.04
ENet+H 0.25 0.24 0.39 0.28 0.31 0.75 0.04
GLM 0.80 0.54 0.68 0.68 0.64 0.82 0.21
GLM+H 0.79 0.54 0.70 0.68 0.62 0.82 0.20

Pc = 100 Lasso 0.25 0.25 0.37 0.25 0.31 0.75 0.02
Lasso+H 0.24 0.24 0.36 0.26 0.31 0.75 0.02
ENet 0.25 0.25 0.37 0.25 0.31 0.76 0.02
ENet+H 0.24 0.24 0.37 0.26 0.31 0.75 0.02
GLM 0.80 0.52 0.67 0.65 0.57 0.81 0.14
GLM+H 0.79 0.48 0.67 0.66 0.56 0.81 0.13

Note: In this table, we report the average variable selection frequencies of 6 particular covariates for models (a) and (b)
(monthly horizon) using Lasso, Elastic Net (ENet), and generalized linear model with group lasso (GLM), respectively.
“+H” indicates the use of Huber loss instead of the l2 loss. Column “Noise” reports the average selection frequency
of the remaining P − 6 covariates. We fix N = 200, T = 180, and Px = 2, comparing Pc = 100 with Pc = 50. The
number of Monte Carlo repetitions is 100.

the l1 penalty and hence encourage variable selection. As expected, for model (a), the true covariates

(ci1,t, ci2,t, ci3,t× xt) are selected in over 85% of the sample paths, whereas correlated yet redundant

covariates (ci3,t, ci1,t × xt, ci2,t × xt) are also selected in around 60% of the samples. By contrast,

the remaining covariates are rarely selected. Although model selection mistakes are unavoidable,

perhaps due to the tension between variable selection and prediction or for finite sample issues,

the true covariates are part of the selected models with high probabilities. For model (b), while

no covariates are part of the true model, the 6 covariates we present are more relevant, and hence

selected substantially more frequently than the remaining P − 6 ones.

Finally, we report the average VIPs of the 6 particular covariates and the average of the remaining

P −6 covariates for models (a) and (b) in Table A.4, using random forest (RF) and gradient boosted

regression trees (GBRT), along with neural networks. We find similar results for both models (a)
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Table A.4: Comparison of Average Variable Importance in Simulations

Model (a)

Parameter Method ci1,t ci2,t ci3,t ci1,t × xt ci2,t × xt ci3,t × xt Noise

Pc = 50 RF 21.54 23.20 5.89 6.44 6.42 19.45 0.18
GBRT 23.86 27.86 5.64 6.41 6.03 25.66 0.05
GBRT+H 24.01 27.43 5.33 6.30 6.78 25.88 0.05
NN1 26.50 29.55 5.31 2.99 3.75 25.18 0.07
NN2 26.35 28.93 5.04 3.12 3.93 25.74 0.07
NN3 26.05 28.61 5.03 3.09 3.89 25.57 0.08
NN4 26.09 28.72 5.08 3.37 3.82 25.59 0.08
NN5 25.95 28.40 5.12 3.31 3.73 25.36 0.09

Pc = 100 RF 21.40 23.08 5.84 5.62 5.87 19.18 0.10
GBRT 23.87 27.82 5.32 6.20 5.87 25.43 0.03
GBRT+H 23.75 27.12 5.20 6.04 6.30 26.00 0.03
NN1 25.78 28.36 5.03 2.77 3.60 24.57 0.05
NN2 25.30 27.88 4.85 2.95 3.52 24.58 0.06
NN3 25.32 28.03 4.73 2.89 3.50 24.53 0.06
NN4 25.02 27.63 4.77 2.92 3.49 24.34 0.06
NN5 24.78 27.73 4.82 3.07 3.54 24.19 0.06

Model (b)

Parameter Method ci1,t ci2,t ci3,t ci1,t × xt ci2,t × xt ci3,t × xt Noise

Pc = 50 RF 27.70 6.47 5.03 8.02 5.00 32.13 0.17
GBRT 31.24 7.37 5.82 8.81 6.43 36.41 0.04
GBRT+H 32.05 7.46 5.83 8.87 6.62 35.57 0.04
NN1 55.55 14.50 4.53 3.46 2.97 12.11 0.07
NN2 51.84 13.66 4.15 2.96 2.72 18.32 0.07
NN3 52.00 13.64 4.36 2.93 2.89 16.63 0.08
NN4 51.07 13.61 4.45 3.31 2.81 16.19 0.09
NN5 49.74 13.68 4.48 3.28 2.86 15.91 0.11

Pc = 100 RF 26.42 5.74 4.40 7.77 4.69 31.93 0.10
GBRT 31.49 7.30 5.38 8.61 6.17 36.70 0.02
GBRT+H 32.13 7.48 5.71 8.66 6.30 35.87 0.02
NN1 53.09 13.53 4.79 3.45 2.77 12.11 0.05
NN2 50.25 12.93 4.26 2.87 2.45 17.31 0.05
NN3 50.36 13.00 4.30 2.90 2.54 15.43 0.06
NN4 48.28 13.05 4.50 3.21 2.63 15.05 0.07
NN5 43.44 12.41 4.71 3.61 2.59 16.09 0.09

Note: In this table, we report the average variable importance of 6 particular covariates for models (a) and (b) (monthly
horizon) using random forest (RF), gradient boosted regression trees (GBRT), and five architectures of neural networks
(NN1,...,NN5), respectively. “+H” indicates the use of Huber loss instead of the l2 loss. Column “Noise” reports the
average variable importance of the remaining P − 6 covariates. We fix N = 200, T = 180, and Px = 2, comparing
Pc = 100 with Pc = 50. The number of Monte Carlo repetitions is 100.

and (b) that the 6 covariates we present are substantially more important than the remaining P − 6

ones. All methods work equally well.

Overall, the simulation results suggest that the machine learning methods are successful in sin-

gling out informative variables, even though highly correlated covariates are difficult to distinguish.

This is not surprising, as these methods are implemented to improve prediction, for which purpose
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the best model often does not agree with the true model, in particular when covariates are highly

correlated.

B Algorithms in Details

B.1 Lasso, Ridge, Elastic Net, and Group Lasso

We present the accelerated proximal algorithm (APG), see, e.g., Parikh and Boyd (2013) and Polson

et al. (2015)., which allows for efficient implementation of the elastic net, Lasso, Ridge regression,

and Group Lasso for both l2 and Huber losses. We rewrite their regularized objective functions as

L(θ; ·) = L(θ)︸︷︷︸
Loss Function

+ φ(θ; ·)︸ ︷︷ ︸
Penalty

, (B.3)

where we omit the dependence on the tuning parameters. Specifically, we have

φ(θ; ·) =



1

2
λ

P∑
j=1

θ2j , Ridge;

λ
P∑
j=1

|θj |, Lasso;

λ(1− ρ)
P∑
j=1

|θj |+
1

2
λρ

P∑
j=1

θ2j , Elastic Net;

λ

P∑
j=1

‖θj‖, Group Lasso.

, (B.4)

where in the Group Lasso case, θ = (θ1, θ2, . . . , θP ) is a K × P matrix.

Proximal algorithms are a class of algorithms for solving convex optimization problems, in which

the base operation is evaluating the proximal operator of a function, ie., solving a small convex

optimization problem. In many cases, this smaller problem has a closed form solution. The proximal

operator is defined as:

proxγf (θ) = argmin
z

{
f(z) +

1

2γ
‖z − θ‖2

}
.

An important property of the proximal operator is that the minimizer of a convex function f(·)
is a fixed point of proxf (·), i.e., θ? minimizes f(·) if and only if

θ? = proxf (θ?).

The proximal gradient algorithm is designed to minimize an objective function of the form (B.3),

where L(θ) is differentiable function of θ but φ(θ; ·) is not. Using properties of the proximal operator,

6



one can show that θ? minimizes (B.3), if and only if

θ? = proxγφ(θ? − γ∇L(θ?)).

This result motivates the first two iteration steps in Algorithm 1. The third step inside the while

loop is a Nesterov momentum (Nesterov (1983)) adjustment that accelerates convergence.

The optimization problem requires the proximal operators of φ(θ; ·)s in (B.4), which have closed

forms:

proxγφ(θ) =



θ

1 + λγ
, Ridge;

λS(θ, λγ), Lasso;
1

1 + λγρ
S(θ, (1− ρ)λγ), Elastic Net;

(S̃(θ1, λγ)ᵀ, S̃(θ2, λγ)ᵀ, . . . , S̃(θP , λγ)ᵀ)ᵀ, Group Lasso.

,

where S(x, µ) and S̃(x, µ) are vector-valued functions, whose ith components are defined by:

(S(x, µ))i =


xi − µ, if xi > 0 and µ < |xi|;

xi + µ, if xi < 0 and µ < |xi|;

0, if µ ≥ |xi|.

, (S̃(x, µ))i =

xi − µ xi
‖xi‖ , if ‖xi‖ > µ;

0, if ‖xi‖ ≤ µ.
.

Note that S(x, µ) is the soft-thresholding operator, so the proximal algorithm is equivalent to

the coordinate descent algorithm in the case of l2 loss, see, e.g., Daubechies et al. (2004), Friedman

et al. (2007). The proximal framework we adopt here allows efficient implementation of Huber loss

and convergence acceleration.

Algorithm 1: Accelerated Proximal Gradient Method

Initialization: θ0 = 0, m = 0, γ;
while θm not converged do

θ̄ ← θm − γ∇L(θ) |θ=θm .
θ̃ ← proxγφ(θ̄).

θm+1 ← θ̃ + m
m+3 (θ̃ − θm).

m← m+ 1.
end
Result: The final parameter estimate is θm.
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B.2 Tree, Random Forest, and Gradient Boosted Tree

Algorithm 2 is a greedy algorithm, see, e.g., Breiman et al. (1984), to grow a complete binary

regression tree. Next, Algorithm 3 yields the random forest, e.g., Hastie et al. (2009). Finally,

Algorithm 4 delivers the gradient boosted tree (Friedman (2001)), for which we follow the version

written by Bühlmann and Hothorn (2007).

Algorithm 2: Classification and Regression Tree

Initialize the stump. C1(0) denotes the range of all covariates, Cl(d) denote the l-th node of depth d.
for d from 1 to L do

for i in {Cl(d− 1), l = 1, ..., 2d−1} do
i) For each feature j = 1, 2, . . . , P , and each threshold level α, define a split as s = (j, α), which
divides Cl(d− 1) into Cleft and Cright:

Cleft(s) = {zj ≤ α} ∩ Cl(d− 1); Cright(s) = {zj > α} ∩ Cl(d− 1),

where zj denotes the jth covariate.
ii) Define the impurity function:

L(C,Cleft, Cright) =
|Cleft|
|C|

H(Cleft) +
|Cright|
|C|

H(Cright), where

H(C) =
1

|C|
∑
zi,t∈C

(ri,t+1 − θ)2, θ =
1

|C|
∑
zi,t∈C

ri,t+1,

and |C| denotes the number of observations in set C.
iii) Select the optimal split:

s∗ ← argmin
s

L(C(s), Cleft(s), Cright(s)).

iv) Update the nodes:

C2l−1(d)← Cleft(s
∗), C2l(d)← Cright(s

∗).

end

end
Result: The output of a regression tree is given by:

g(zi,t; θ, L) =

2L∑
k=1

θk1 {zi,t ∈ Ck(L)} , where θk =
1

|Ck(L)|
∑

zi,t∈Ck(L)

ri,t+1.

For a single binary complete regression tree T of depth L, the VIP for the covariate zj is

VIP(zj , T ) =

L−1∑
d=1

2d−1∑
i=1

∆im (Ci(d− 1), C2i−1(d), C2i(d))1{zj ∈ T (i, d)},

where T (i, d) represents the covariate on the i-th (internal) node of depth d, which splits Ci(d− 1) into
two sub-regions {C2i−1(d), C2i(d)}, and ∆im(·, ·, ·) is defined by:

∆im (C,Cleft, Cright) = H(C)− L(C,Cleft, Cright).
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Algorithm 3: Random Forest

for b from 1 to B do
Generate Bootstrap samples {(zi,t, ri,t+1), (i, t) ∈ Bootstrap(b)} from the original dataset, for

which a tree is grown using Algorithm 2. At each step of splitting, use only a random subsample,

say
√
P or any specific number, of all features. Write the resulting bth tree as:

ĝb(zi,t; θ̂b, L) =

2L∑
k=1

θ
(k)
b 1 {zi,t ∈ Ck(L)} .

end

Result: The final random forest output is given by the average of the outputs of all B trees.

ĝ(zi,t;L,B) =
1

B

B∑
b=1

ĝb(zi,t; θ̂b, L).

Algorithm 4: Gradient Boosted Tree

Initialize the predictor as ĝ0(·) = 0;

for b from 1 to B do
Compute for each i = 1, 2, . . . , N and t = 1, 2, . . . , T , the negative gradient of the loss function

l(·, ·):a

εi,t+1 ← −
∂l(ri,t+1, g)

∂g
| g=ĝb−1(zi,t)

.

Grow a (shallow) regression tree of depth L with dataset {(zi,t, εi,t+1) : ∀i, ∀t}

f̂b(·)← g(zi,t; θ, L).

Update the model by

ĝb(·)← ĝb−1(·) + νf̂b(·),

where ν ∈ (0, 1] is a tuning parameter that controls the step length.

end

Result: The final model output is

ĝB(zi,t;B, ν, L) =

B∑
b=1

νf̂b(·).

aThe typical choice of l(·, ·) for regression is l2 or Huber loss, whereas for classification, it is more common to use
the following loss function:

l(d, g(·)) = log2 (1 + exp (−2(2d− 1)g(·))) .
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B.3 Neural Networks

It is common to fit the neural network using stochastic gradient descent (SGD), see, e.g., Goodfellow

et al. (2016). We adopt the adaptive moment estimation algorithm (Adam), an efficient version of the

SGD introduced by Kingma and Ba (2014). Adam computes adaptive learning rates for individual

parameters using estimates of first and second moments of the gradients. We denote the loss function

as L(θ; ·) and write L(θ; ·) = 1
T

∑T
t=1 Lt(θ; ·), where Lt(θ; ·) is the penalized cross-sectional average

prediction error at time t. At each step of training, a batch sent to the algorithm is randomly

sampled from the training dataset. Algorithm 6 is the early stopping algorithm that can be used

in combination with many optimization routines, including Adam. Algorithm 7 gives the Batch-

Normalization transform (Ioffe and Szegedy (2015)), which we apply to each activation after ReLU

transformation. Any neuron that previously receives a batch of x as the input now receives BNγ,β(x)

instead, where γ and β are additional parameters to be optimized.

Algorithm 5: Adam for Stochastic Gradient Descent (SGD)

Initialize the parameter vector θ0. Set m0 = 0, v0 = 0, t = 0.

while θt not converged do
t← t+ 1.

gt ← ∇θLt(θ; ·)
∣∣
θ=θt−1

.

mt ← β1mt−1 + (1− β1)gt.

vt ← β2vt−1 + (1− β2)gt � gt.a

m̂t ← mt/(1− (β1)t).

v̂t ← vt/(1− (β2)t).

θt ← θt−1 − αm̂t � (
√
v̂t + ε).

end

Result: The final parameter estimate is θt.

a� and � denote element-wise multiplication and division, respectively.

Algorithm 6: Early Stopping

Initialize j = 0, ε =∞ and select the patience parameter p.

while j < p do
Update θ using the training algorithm (e.g., the steps inside the while loop of Algorithm 5 for h

steps).

Calculate the prediction error from the validation sample, denoted as ε′.

if ε′ < ε then
j ← 0.

ε← ε′.

θ′ ← θ.

else

j ← j + 1.

end

end

Result: The final parameter estimate is θ′.

10



Algorithm 7: Batch Normalization (for one Activation over one Batch)

Input: Values of x for each activation over a batch B = {x1, x2, . . . , xN}.

µB ←
1

N

N∑
i=1

xi

σ2
B ←

1

N

N∑
i=1

(xi − µB)2

x̂i ←
xi − µB√
σ2
B + ε

yi ← γx̂i + β := BNγ,β(xi)

Result: {yi = BNγ,β(xi) : i = 1, 2 . . . , N}.

C Theoretical Properties of Machine Learning Models

In this section, we provide references on the asymptotic properties of machine learning methods

discussed in the main text. The references below are unavoidably selective and by no means complete.

We invite interested readers to consult references within the following papers.

For theoretical properties of lasso, see Knight and Fu (2000), Bickel et al. (2009), Meinshausen

and Yu (2009), Tibshirani (2011), Wainwright (2009), and Zhang and Huang (2008). And for elastic

net, see Zou and Hastie (2005), Zou and Zhang (2009), and Mol et al. (2009). For group Lasso

in linear models, see Lounici et al. (2011), and see Bach (2008) and Ravikumar et al. (2009) for

additive and nonparametric models. While most theoretical analysis in high-dimensional statistics

assume that data have sub-Gaussian or sub-exponential tails, Fan et al. (2017) provide a theoretical

justification of using Huber’s loss function in the high-dimensional setting.

For dimension reduction techniques, there is a large literature in statistics on the asymptotic

behavior of PCA, e.g., Bai (1999), Johnstone (2001), Johnstone and Lu (2009), Paul (2007), Wang

and Fan (2017), and another large literature in econometrics focusing on the asymptotic theory of

PCA in modern factor analysis, e.g., Stock and Watson (2002), Bai and Ng (2002), and Bai and Ng

(2013). There are, however, fewer results on the asymptotic analysis of PCR and PLS in particular.

One can refer to Giglio and Xiu (2016) for the asymptotic theory of PCR in the context of risk

premia estimation, and Kelly and Pruitt (2013, 2015) for the theory of PLS with its application to

forecasting risk premia in financial markets.

A recent literature analyzes theoretical properties of random forests, see Biau (2012), Scornet

et al. (2015), Mentch and Hooker (2016), Wager et al. (2014), and Wager and Athey (2018). The

properties of gradient boosting, on the other hand, are well understood from the early work of e.g.,

Friedman et al. (2000), Bühlmann and Yu (2003), Lugosi and Vayatis (2004), and Zhang and Yu

(2005) for both classification and regression problems. However, much work remains to be done to

fully take into account optimization and regularization algorithms that are essential to the desirable

performance of various boosting methods, e.g., the popular XGBoost system designed by Chen and

Guestrin (2016).

Likewise, theoretical properties of neural networks and deep learning are in large part under-

developed (for an overview, see Fan et al., 2019). First, the approximation theory of neural networks
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is far from complete. Although earlier work have established a universal approximation theory with

a single hidden layer network (e.g., Hornik et al., 1989), a recent line of work sheds light on the

distinction between depth and width of a multi-layer network. Eldan and Shamir (2016) formally

demonstrate that depth—even if increased by one layer—can be exponentially more valuable than

increasing width in standard feed-forward neural networks (see also Lin et al., 2017; Rolnick and

Tegmark, 2018).

Second, any theoretical understanding of neural networks should explicitly account for the mod-

ern optimization algorithms that, in combination with statistical analysis, are critical to their success.

But training a deep neural network typically involves a grab bag of algorithms, e.g., SGD, Adam,

batch normalization, skipping connections (He et al., 2016), some of which rely on heuristic explana-

tion without rigorous analysis. A promising recent strand of work Chizat and Bach (2018), Mei et al.

(2018), and Mei et al. (2019) approximate the evolution of network weight parameters in the SDG

algorithm for networks with a single hidden layer. They show that mean-field partial differential

equations accurately describe this process as long as the number of hidden units is sufficiently large.

In summary, there remains much work to be done to establish theoretical properties of deep learning.

D Sample Splitting

We consider a number of sample splitting schemes studied in the forecast evaluation literature (see,

e.g., West, 2006). The “fixed” scheme splits the data into training, validation, and testing samples.

It estimates the model once from the training and validation samples, and attempts to fit all points

in the testing sample using this fixed model estimate.

A common alternative to the fixed split scheme is a “rolling” scheme, in which the training and

validation samples gradually shift forward in time to include more recent data, but holds the total

number of time periods in each training and validation sample fixed. For each rolling window, one re-

fits the model from the prevailing training and validation samples, and tracks a model’s performance

in the remaining test data that has not been subsumed by the rolling windows. The result is a

sequence of performance evaluation measures corresponding to each rolling estimation window. This

has the benefit of leveraging more recent information for prediction relative to the fixed scheme.

The third is a “recursive” performance evaluation scheme. Like the rolling approach, it gradually

includes more recent observations in the training and validation windows. But the recursive scheme

always retains the entire history in the training sample, thus its window size gradually increases.

The rolling and recursive schemes are computationally expensive, in particular for more complicated

models such as neural networks.

In our empirical exercise, we adopt a hybrid of these schemes by recursively increasing the training

sample, periodically refitting the entire model once per year, and making out-of-sample predictions

using the same fitted model over the subsequent year. Each time we refit, we increase the training

sample by a year, while maintaining a fixed size rolling sample for validation. We choose to not

cross-validate in order to maintain the temporal ordering of the data for prediction.

12



Table A.5: Hyperparameters For All Methods

OLS-3 PLS PCR ENet GLM RF GBRT NN1 - NN5

+H +H +H +H

Huber loss ξ = X - - X X - X -

99.9% quantile

Others K K ρ = 0.5 #Knots=3 Depth= 1 ∼ 6 Depth= 1 ∼ 2 L1 penalty

λ ∈ (10−4, 10−1) λ ∈ (10−4, 10−1) #Trees= 300 #Trees= 1 ∼ 1000 λ1 ∈ (10−5, 10−3)

#Features in each split Learning Rate Learning Rate

∈ {3, 5, 10, 20, 30, 50...} LR∈ {0.01, 0.1} LR∈ {0.001, 0.01}
Batch Size=10000

Epochs=100

Patience=5

Adam Para.=Default

Ensemble=10

Note: The table describes the hyperparameters that we tune in each machine learning method.

E Hyperparameter Tuning

Table A.5 describes the set of hyperparameters and their potential values used for tuning each

machine learning model.

F Additional Tables and Figures
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Table A.7: Implied Sharpe Ratio Improvements

OLS-3 PLS PCR ENet GLM RF GBRT NN1 NN2 NN3 NN4 NN5
+H +H +H +H

Panel A: Common Factor Portfolios
S&P 500 - - - 0.08 0.08 0.14 0.15 0.11 0.12 0.20 0.17 0.12
SMB 0.2 0.39 0.12 0.34 0.42 0.16 0.11 0.30 0.26 0.28 0.27 0.28
HML 0.12 0.09 0.20 0.09 0.15 0.17 0.04 0.20 0.21 0.18 0.20 0.20
RMW - 0.15 0.06 - - - - 0.9 0.06 0.11 0.07 0.07
CMA 0.10 - 0.00 - 0.14 - - 0.20 0.18 0.12 0.20 0.15
UMD - - - 0.12 - 0.27 - - - 0.06 0.08 0.10

Panel B: Sub-components of Factor Portfolios
Big Value 0.05 0.00 - 0.03 0.07 0.14 0.12 0.09 0.10 0.15 0.13 0.11
Big Growth - - - 0.08 0.06 0.14 0.13 0.11 0.12 0.16 0.13 0.12
Big Neutral 0.01 - - 0.08 0.04 0.13 0.13 0.15 0.13 0.17 0.18 0.14
Small Value 0.02 0.15 0.10 0.06 0.08 0.11 0.05 0.14 0.13 0.14 0.13 0.12
Small Growth - 0.03 - - - 0.14 0.21 0.01 0.09 0.10 0.08 0.10
Small Neutral - 0.06 0.02 0.02 0.03 0.09 0.04 0.06 0.06 0.07 0.06 0.07

Big Conservative - - - 0.09 0.04 0.10 0.05 0.11 0.10 0.14 0.12 0.10
Big Aggressive - - - 0.04 0.09 0.20 0.23 0.16 0.18 0.21 0.18 0.17
Big Neutral - - - 0.08 0.05 0.11 0.08 0.08 0.08 0.14 0.14 0.11
Small Conservative - 0.12 0.08 0.00 0.04 0.10 0.06 0.09 0.09 0.10 0.09 0.09
Small Aggressive - 0.09 0.00 - 0.03 0.16 0.22 0.06 0.11 0.12 0.10 0.12
Small Neutral - 0.04 0.01 0.04 0.03 0.07 0.00 0.06 0.06 0.08 0.06 0.07

Big Robust - - - 0.06 0.04 0.11 0.03 0.08 0.08 0.13 0.10 0.08
Big Weak 0.03 0.15 0.12 0.10 0.12 0.14 0.19 0.19 0.19 0.21 0.17 0.17
Big Neutral - - - 0.06 0.02 0.14 0.12 0.11 0.13 0.15 0.15 0.13
Small Robust - 0.04 - 0.00 - 0.07 0.02 0.02 0.05 0.06 0.05 0.05
Small Weak 0.04 0.17 0.11 - 0.08 0.17 0.22 0.13 0.15 0.16 0.15 0.15
Small Neutral - 0.01 - - - 0.06 - 0.01 0.03 0.04 0.03 0.04

Big Up - - - 0.06 0.11 0.11 0.08 0.07 0.07 0.10 0.10 0.09
Big Down - - - 0.05 - 0.13 0.08 0.04 0.08 0.12 0.10 0.10
Big Medium - - - 0.13 - 0.22 0.25 0.19 0.20 0.24 0.22 0.18
Small Up - 0.08 0.06 - 0.03 0.07 0.00 0.01 0.01 0.02 0.02 0.03
Small Down - 0.03 - 0.03 0.00 0.23 0.22 0.13 0.14 0.17 0.15 0.16
Small Medium 0.01 0.08 0.02 0.06 0.04 0.12 0.11 0.11 0.11 0.12 0.10 0.10

Note: Improvement in annualized Sharpe ratio (SR∗−SR) implied by the full sample Sharpe ratio of each portfolio to-
gether with machine learning predictive R2

oos from Table 5. Cases with negative R2
oos imply a Sharpe ratio deterioration

and are omitted.
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Figure A.1: Characteristic Importance over Time by NN3
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Note: This figure describes how NN3 ranks the 94 stock-level characteristics and the industry dummy (sic2) in terms
of overall model contribution over 30 recursing training. Columns correspond to the year end of each of the 30 samples,
and color gradients within each column indicate the most influential (dark blue) to least influential (white) variables.
Characteristics are sorted in the same order of Figure 5.
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Figure A.2: Variable Importance Using SSD of Dimopoulos et al. (1995)
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Note:
Rankings of 94 stock-level characteristics and the industry dummy (sic2) in terms of SSD. Characteristics are or-
dered based on the sum of their ranks over all models, with the most influential characteristics on top and least
influential on bottom. Columns correspond to individual models, and color gradients within each column indicate the
most influential (dark blue) to least influential (white) variables.
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Figure A.3: Characteristic Importance with Placebo Variables
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Note: This figure describes how each model ranks the 94 stock-level characteristics, the industry dummy (sic2), and
five placebos in terms of overall model contribution. Columns correspond to individual models, and color gradients
within each column indicate the most influential (dark blue) to least influential (white) variables. Characteristics are
ordered based on the sum of their ranks over all models, with the most influential characteristics on top and least
influential on bottom.
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Figure A.4: Stock/Macroeconomic Interactions
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Note: Rankings of top 100 interactions between 94 stock-level stock characteristics and nine macro variables (including
a constant, denoted C). Interactions are ordered based on the sum of their ranks over all models, with the most
influential characteristics on top and least influential on bottom. Columns correspond to individual models, and color
gradients within each column indicate the most influential (dark blue) to least influential (white) interactions.
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Figure A.5: Time Variation in Stock/Macroeconomic Interactions
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Note: Rankings of top 100 interactions between 94 stock-level stock characteristics and nine macro variables (including
a constant, denoted C). The list of top 100 interactions is based on the analysis in Figure A.4. Color gradients indicate
the most influential (dark blue) to least influential (white) interactions in the NN3 model in each training sample (the
horizontal axis corresponds to the last year in each training sample).
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Figure A.6: Characteristic Importance at Annual Horizon
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Note: This figure describes how each model ranks the 94 stock-level characteristics and the industry dummy (sic2) in
terms of overall model contribution. Columns correspond to individual models, and color gradients within each column
indicate the most influential (dark blue) to least influential (white) variables. Characteristics are sorted in the same
order of Figure 5. The results are based on prediction at the annual horizon.
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Table A.8: Annual Portfolio-level Out-of-Sample Predictive R2

OLS-3 PLS PCR ENet GLM RF GBRT NN1 NN2 NN3 NN4 NN5
+H +H +H +H

Panel A: Common Factor Portfolios
S&P 500 -4.90 0.43 -7.17 0.26 2.07 8.80 7.28 9.99 12.02 15.68 15.30 13.15
SMB 3.77 4.23 8.26 4.22 6.96 6.54 4.27 0.05 1.31 2.59 4.33 4.45
HML 3.01 -0.52 4.08 -0.15 6.33 7.02 2.17 9.14 8.09 7.86 3.97 3.63
RMW 4.66 17.11 6.67 1.19 3.45 3.51 5.31 7.03 5.03 3.58 0.61 0.90
CMA 4.50 -1.52 7.94 -9.01 7.69 1.73 -8.36 5.89 7.27 0.93 -7.18 -8.11
UMD -27.52 -12.44 -5.62 -16.27 -8.06 -7.57 -8.29 -12.78 -8.71 -7.35 -6.45 -6.74

Panel B: Sub-components of Factor Portfolios
Big Value 1.83 4.88 -4.04 3.62 0.49 9.50 5.86 8.76 8.54 12.42 9.95 7.56
Big Growth -12.06 -6.92 -10.22 -2.13 2.44 7.14 6.93 7.47 11.06 11.67 13.37 10.03
Big Neutral -3.83 3.09 -6.58 1.19 1.24 8.52 6.91 8.31 11.51 14.60 12.92 9.95
Small Value 4.31 10.81 8.94 8.41 4.31 8.05 3.75 7.24 6.37 7.48 6.60 4.81
Small Growth 2.49 2.87 3.19 0.21 0.03 6.20 2.13 3.96 5.52 6.84 2.60 7.23
Small Neutral -1.52 5.21 2.10 2.29 2.29 4.18 1.78 6.46 5.55 6.68 3.69 6.14

Big Conservative -10.42 -2.42 -9.77 -3.77 5.17 8.44 5.26 -1.31 8.64 9.65 12.47 6.09
Big Aggressive -1.65 1.89 -4.72 1.36 2.00 7.42 6.67 11.00 11.74 13.08 11.27 10.67
Big Neutral -9.18 -1.62 -9.42 2.03 2.43 9.62 8.39 10.88 13.03 15.61 15.75 13.56
Small Conservative -0.38 6.36 5.01 3.19 2.35 4.60 0.62 5.31 5.39 5.97 4.22 4.71
Small Aggressive 3.33 5.12 2.88 1.04 0.37 6.43 3.23 2.50 4.50 5.50 1.47 6.56
Small Neutral -0.53 5.84 3.52 4.46 3.59 7.08 2.96 8.41 7.13 8.68 5.77 8.47

Big Robust -7.53 -2.55 -9.18 1.33 5.42 7.61 6.60 12.55 12.04 13.92 15.29 13.35
Big Weak -3.40 3.09 -7.15 -1.02 -1.12 9.62 7.62 4.41 9.95 11.39 11.73 8.40
Big Neutral -4.17 5.46 -4.57 -3.18 -2.12 6.24 4.47 4.18 6.23 9.47 3.70 2.95
Small Robust -2.37 0.93 -0.20 0.76 3.72 0.41 -0.87 2.92 3.67 4.47 0.86 4.19
Small Weak 3.88 9.89 5.68 2.15 -1.11 7.53 3.10 -0.48 1.53 2.96 1.61 1.08
Small Neutral 3.00 7.99 4.40 4.60 3.58 9.21 5.75 10.03 7.39 9.82 7.06 9.09

Big Up -23.55 -11.77 -19.16 -5.11 0.52 6.15 6.21 4.26 11.44 11.11 14.48 10.62
Big Down -4.66 0.39 -2.79 -0.15 0.71 7.64 5.53 3.58 8.78 9.54 10.32 6.79
Big Medium 6.26 10.24 7.36 6.25 3.83 7.73 5.38 8.74 9.61 11.36 9.96 6.22
Small Up -6.68 3.82 0.71 -2.83 1.57 1.84 -0.19 -4.22 0.70 1.12 -1.42 2.83
Small Down 2.80 5.59 4.84 2.87 0.50 7.23 3.49 3.24 4.63 5.90 3.28 5.22
Small Medium -2.92 -0.49 -1.70 -1.80 0.81 2.00 -0.40 -1.64 1.96 1.79 0.51 3.49

Note: In this table, we report the out-of-sample predictive R2s for 30 portfolios using OLS with size, book-to-market,
and momentum, OLS-3, PLS, PCR, elastic net (ENet), generalized linear model with group lasso (GLM), random forest
(RF), gradient boosted regression trees (GBRT), and five architectures of neural networks (NN1,...,NN5), respectively.
“+H” indicates the use of Huber loss instead of the l2 loss. The six portfolios in Panel A are the S&P 500 index and the
Fama-French SMB, HML, CMA, RMW, and UMD factors. The 24 portfolios in Panel B are 3 × 2 size double-sorted
portfolios used in the construction of the Fama-French value, investment, profitability, and momentum factors The
results are based on prediction at the annual horizon.
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Table A.9: Performance of Machine Learning Portfolios (Equally Weighted)

OLS-3+H PLS PCR

Pred Avg Std SR Pred Avg Std SR Pred Avg Std SR

Low(L) -0.14 0.11 7.99 0.05 -0.83 -0.26 6.41 -0.14 -0.71 -0.65 7.04 -0.32
2 0.17 0.35 6.81 0.18 -0.20 0.19 5.92 0.11 -0.11 0.16 6.23 0.09
3 0.35 0.44 6.09 0.25 0.12 0.40 5.49 0.25 0.19 0.40 5.67 0.25
4 0.49 0.63 5.61 0.39 0.39 0.67 5.06 0.46 0.42 0.58 5.45 0.37
5 0.63 0.73 5.24 0.49 0.62 0.69 5.14 0.47 0.63 0.72 5.11 0.49
6 0.75 0.83 4.88 0.59 0.84 0.77 5.14 0.52 0.81 0.80 4.98 0.55
7 0.88 0.75 4.73 0.55 1.06 0.88 5.12 0.60 1.01 0.98 5.02 0.68
8 1.03 0.80 4.72 0.59 1.32 1.01 5.29 0.66 1.23 1.08 5.02 0.75
9 1.22 1.14 4.73 0.83 1.67 1.28 5.60 0.79 1.52 1.33 5.28 0.88
High(H) 1.60 1.45 5.21 0.96 2.38 1.82 6.16 1.02 2.12 1.81 5.93 1.06

H-L 1.73 1.34 5.59 0.83 3.21 2.08 4.89 1.47 2.83 2.45 4.51 1.89

ENet+H GLM+H RF

Pred Avg Std SR Pred Avg Std SR Pred Avg Std SR

Low(L) -0.04 -0.24 6.43 -0.13 -0.49 -0.50 6.81 -0.25 0.26 -0.48 7.16 -0.23
2 0.27 0.44 5.90 0.26 0.01 0.32 5.80 0.19 0.44 0.24 5.67 0.15
3 0.44 0.52 5.27 0.34 0.29 0.56 5.46 0.36 0.53 0.55 5.36 0.36
4 0.59 0.70 4.73 0.51 0.50 0.61 5.22 0.41 0.60 0.62 5.15 0.42
5 0.73 0.71 4.94 0.49 0.68 0.72 5.11 0.49 0.67 0.66 5.11 0.44
6 0.87 0.79 5.00 0.55 0.84 0.78 5.12 0.53 0.73 0.77 5.13 0.52
7 1.01 0.85 5.21 0.56 1.00 0.78 5.06 0.54 0.80 0.74 5.10 0.50
8 1.17 0.88 5.47 0.56 1.18 0.89 5.14 0.60 0.87 0.99 5.29 0.65
9 1.36 0.85 5.90 0.50 1.41 1.25 5.80 0.75 0.97 1.22 5.67 0.74
High(H) 1.72 1.86 7.27 0.89 1.89 1.81 6.57 0.96 1.20 1.90 7.03 0.94

H-L 1.76 2.11 5.50 1.33 2.38 2.31 4.41 1.82 0.94 2.38 5.57 1.48

GBRT+H NN1 NN2

Pred Avg Std SR Pred Avg Std SR Pred Avg Std SR

Low(L) -0.49 -0.37 6.46 -0.20 -0.45 -0.78 7.43 -0.36 -0.32 -1.01 7.79 -0.45
2 -0.16 0.42 5.80 0.25 0.15 0.22 6.24 0.12 0.20 0.17 6.34 0.09
3 0.02 0.56 5.31 0.36 0.43 0.47 5.55 0.29 0.43 0.52 5.49 0.33
4 0.17 0.74 5.43 0.47 0.64 0.64 5.00 0.45 0.59 0.71 5.02 0.49
5 0.33 0.63 5.31 0.41 0.80 0.80 4.76 0.58 0.72 0.76 4.60 0.57
6 0.46 0.83 5.23 0.55 0.95 0.85 4.63 0.63 0.84 0.81 4.52 0.62
7 0.59 0.67 5.13 0.45 1.12 0.84 4.66 0.62 0.97 0.94 4.61 0.70
8 0.72 0.82 5.08 0.56 1.32 0.88 4.95 0.62 1.14 0.92 4.86 0.66
9 0.88 1.12 5.41 0.72 1.63 1.17 5.62 0.72 1.41 1.10 5.55 0.69
High(H) 1.19 1.77 6.69 0.92 2.43 2.13 7.34 1.00 2.25 2.30 7.81 1.02

H-L 1.68 2.14 4.28 1.73 2.89 2.91 4.72 2.13 2.57 3.31 4.92 2.33

NN3 NN4 NN5

Pred Avg Std SR Pred Avg Std SR Pred Avg Std SR

Low(L) -0.31 -0.92 7.94 -0.40 -0.19 -0.95 7.83 -0.42 -0.08 -0.83 7.92 -0.36
2 0.22 0.16 6.46 0.09 0.29 0.17 6.50 0.09 0.33 0.24 6.64 0.12
3 0.45 0.44 5.40 0.28 0.49 0.45 5.58 0.28 0.51 0.53 5.65 0.32
4 0.60 0.66 4.83 0.48 0.62 0.57 4.94 0.40 0.62 0.59 4.91 0.41
5 0.73 0.77 4.58 0.58 0.72 0.70 4.57 0.53 0.71 0.68 4.56 0.51
6 0.85 0.81 4.47 0.63 0.81 0.75 4.42 0.59 0.80 0.76 4.43 0.60
7 0.97 0.86 4.62 0.64 0.91 0.86 4.47 0.67 0.88 0.88 4.60 0.66
8 1.12 0.93 4.82 0.67 1.04 1.06 4.82 0.76 1.01 0.95 4.90 0.67
9 1.38 1.18 5.51 0.74 1.28 1.24 5.57 0.77 1.25 1.17 5.60 0.73
High(H) 2.28 2.35 8.11 1.00 2.16 2.37 8.03 1.02 2.08 2.27 7.95 0.99

H-L 2.58 3.27 4.80 2.36 2.35 3.33 4.71 2.45 2.16 3.09 4.98 2.15

Note: Performance of equal-weight decile portfolios sorted on out-of-sample machine learning return forecasts. “Pred”,
“Avg”, “Std”, and “SR” report the predicted monthly returns for each decile, the average realized monthly returns,
their realized standard deviations, and annualized Sharpe ratios, respectively.

25



Table A.10: Performance of Machine Learning Portfolios (Equally Weighted, Excluding Microcaps)

OLS-3+H PLS PCR

Pred Avg Std SR Pred Avg Std SR Pred Avg Std SR

Low(L) -0.17 0.00 7.97 0.00 -0.88 -0.33 6.59 -0.17 -0.72 -0.50 7.04 -0.25
2 0.12 0.19 6.53 0.10 -0.26 0.27 5.83 0.16 -0.13 0.16 6.14 0.09
3 0.31 0.40 5.72 0.24 0.06 0.35 5.41 0.22 0.16 0.36 5.52 0.22
4 0.45 0.52 5.32 0.34 0.31 0.54 5.16 0.36 0.39 0.52 5.21 0.35
5 0.58 0.63 4.96 0.44 0.54 0.66 5.01 0.46 0.59 0.63 4.94 0.44
6 0.70 0.63 4.71 0.46 0.75 0.70 4.97 0.49 0.77 0.71 4.83 0.51
7 0.82 0.66 4.64 0.49 0.96 0.82 4.71 0.60 0.96 0.76 4.80 0.55
8 0.96 0.75 4.70 0.56 1.21 0.85 5.12 0.57 1.17 0.95 4.84 0.68
9 1.15 1.04 4.95 0.73 1.53 1.02 5.32 0.66 1.46 1.09 5.14 0.74
High(H) 1.47 1.33 5.35 0.86 2.21 1.33 5.87 0.78 2.03 1.47 5.83 0.87

H-L 1.64 1.32 5.66 0.81 3.09 1.66 4.69 1.22 2.75 1.97 4.61 1.48

ENet+H GLM+H RF

Pred Avg Std SR Pred Avg Std SR Pred Avg Std SR

Low(L) -0.05 -0.23 6.51 -0.12 -0.51 -0.35 6.81 -0.18 0.27 -0.43 7.03 -0.21
2 0.25 0.42 5.72 0.26 -0.03 0.32 5.71 0.20 0.44 0.23 5.58 0.15
3 0.42 0.53 5.14 0.36 0.25 0.54 5.34 0.35 0.52 0.50 5.19 0.33
4 0.56 0.60 4.82 0.43 0.45 0.59 5.12 0.40 0.59 0.58 5.04 0.40
5 0.69 0.69 4.80 0.50 0.63 0.65 4.98 0.45 0.66 0.58 4.97 0.41
6 0.82 0.73 4.89 0.52 0.79 0.68 4.96 0.48 0.72 0.65 5.04 0.45
7 0.96 0.83 4.74 0.61 0.95 0.70 4.91 0.49 0.78 0.65 4.99 0.45
8 1.11 0.77 5.31 0.50 1.12 0.75 4.95 0.53 0.85 0.85 5.02 0.58
9 1.30 0.78 5.74 0.47 1.34 0.95 5.30 0.62 0.92 1.08 5.34 0.70
High(H) 1.65 1.04 6.78 0.53 1.79 1.31 6.33 0.72 1.09 1.43 6.65 0.74

H-L 1.70 1.27 4.90 0.90 2.30 1.65 4.44 1.29 0.81 1.86 5.25 1.22

GBRT+H NN1 NN2

Pred Avg Std SR Pred Avg Std SR Pred Avg Std SR

Low(L) -0.47 -0.28 6.25 -0.15 -0.47 -0.76 7.48 -0.35 -0.33 -0.92 8.00 -0.40
2 -0.15 0.38 5.55 0.24 0.12 0.20 6.36 0.11 0.19 0.20 6.51 0.10
3 0.02 0.52 5.22 0.34 0.40 0.48 5.54 0.30 0.41 0.55 5.63 0.34
4 0.17 0.67 5.31 0.44 0.59 0.63 5.01 0.43 0.56 0.70 5.03 0.48
5 0.32 0.55 5.24 0.36 0.74 0.72 4.76 0.53 0.68 0.74 4.59 0.56
6 0.45 0.76 4.95 0.54 0.87 0.85 4.61 0.64 0.79 0.84 4.49 0.65
7 0.57 0.52 5.10 0.35 1.01 0.87 4.60 0.65 0.89 0.90 4.51 0.69
8 0.69 0.70 4.90 0.50 1.16 0.85 4.68 0.63 1.02 0.93 4.69 0.68
9 0.84 1.02 5.26 0.67 1.38 1.00 5.13 0.68 1.19 0.96 4.99 0.67
High(H) 1.10 1.30 6.25 0.72 1.91 1.29 6.25 0.72 1.68 1.26 6.22 0.70

H-L 1.57 1.58 3.86 1.42 2.38 2.05 4.50 1.58 2.01 2.18 4.74 1.60

NN3 NN4 NN5

Pred Avg Std SR Pred Avg Std SR Pred Avg Std SR

Low(L) -0.31 -0.82 8.18 -0.35 -0.19 -0.87 8.05 -0.38 -0.08 -0.75 8.11 -0.32
2 0.20 0.16 6.55 0.08 0.28 0.23 6.68 0.12 0.32 0.22 6.75 0.12
3 0.43 0.46 5.51 0.29 0.47 0.45 5.61 0.28 0.49 0.51 5.70 0.31
4 0.57 0.66 4.86 0.47 0.59 0.65 4.93 0.45 0.61 0.58 4.98 0.40
5 0.69 0.76 4.63 0.57 0.68 0.65 4.60 0.49 0.69 0.69 4.55 0.52
6 0.79 0.79 4.44 0.61 0.76 0.71 4.48 0.55 0.76 0.76 4.43 0.60
7 0.89 0.87 4.48 0.67 0.84 0.90 4.45 0.70 0.83 0.84 4.45 0.65
8 1.01 0.91 4.71 0.67 0.94 0.92 4.59 0.70 0.91 0.92 4.70 0.68
9 1.17 1.00 5.02 0.69 1.07 1.13 5.00 0.78 1.04 1.02 5.10 0.69
High(H) 1.64 1.37 6.34 0.75 1.52 1.39 6.37 0.75 1.48 1.36 6.34 0.74

H-L 1.95 2.19 4.84 1.57 1.70 2.26 4.63 1.69 1.56 2.11 4.95 1.48

Note: In this table, we report the performance of prediction-sorted portfolios over the 30-year out-of-sample testing
period. All but tiny stocks (excluding stocks below 20th percentile on NYSE cap weights) are sorted into deciles based
on their predicted returns for the next month. Column “Pred”, “Avg”, “Std”, and “SR” provide the predicted monthly
returns for each decile, the average realized monthly returns, their standard deviations, and Sharpe ratios, respectively.
All portfolios are value weighted.
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Table A.11: OLS Benchmark Models

R2 Sharpe Ratio

Model Stock S&P 500 Equal-weight Value-weight Description

OLS-3 0.16 -0.22 0.83 0.61 mom12m, size, bm

OLS-7 0.18 0.24 1.12 0.74 OLS-3 plus acc, roaq, agr, egr

OLS-15 0.19 0.68 1.15 0.86 OLS-7 plus dy, mom36m, beta, retvol, turn, lev, sp

RF 0.33 1.37 1.48 0.98

NN3 0.40 1.80 2.36 1.20

Note: In this table, we report the out-of-sample performance of three different OLS benchmark models recommended
by Lewellen (2015) with either three, seven, or 15 predictors. We report predictive R2 for the stock-level panel and the
S&P 500 index. We report long-short decile spread Sharpe ratios with equal-weight and value-weight formation. For
comparison, we also report the performance the NN3 and random forest models.

Figure A.7: Cumulative Return of Machine Learning Portfolios (Equally Weighted)
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Note: Cumulative log returns of portfolios sorted on out-of-sample machine learning return forecasts. The solid and
dash lines represent long (top decile) and short (bottom decile) positions, respectively. The shaded periods show NBER
recession dates. All portfolios are equally weighted.

References

Bach, F. R. 2008. Consistency of the Group Lasso and Multiple Kernel Learning. Journal of Machine

Learning Research 9:1179–1225. URL http://dl.acm.org/citation.cfm?id=1390681.1390721.

Bai, J., and S. Ng. 2002. Determining the Number of Factors in Approximate Factor Models.

Econometrica 70:191–221.

Bai, J., and S. Ng. 2013. Principal components estimation and identification of static factors. Journal

of Econometrics 176:18–29.

27

http://dl.acm.org/citation.cfm?id=1390681.1390721


Bai, Z. 1999. Methodologies in spectral analysis of large dimensional random matrices: A review.

Statistica Sinica 9:611–677.

Biau, G. 2012. Analysis of a Random Forests Model. Journal of Machine Learning Research 13:1063–

1095.

Bickel, P. J., Y. Ritov, and A. B. Tsybakov. 2009. Simultaneous analysis of Lasso and Dantzig

selector. Annals of Statistics 37:1705–1732.

Breiman, L., J. Friedman, C. J. Stone, and R. A. Olshen. 1984. Classification and regression trees.

CRC press.
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